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ABSTRACT
In this thesis, we construct and classify planar noncommutative phase spaces by the
coadjoint orbit method on the anisotropic and absolute time kinematical groups. We
show that noncommutative symplectic structures can be generated in the framework of
centrally extended anisotropic kinematical groups as well as in the framework of non-
centrally abelian extended absolute time kinematical groups.
However, noncommutative phase spaces realized with noncentral abelian extensions
of the kinematical groups are algebraically more general than those constructed on their
central extensions. As the coadjoint orbit construction has not been carried through
some of these planar kinematical groups before, physical interpretations of new genera-
tors of those extended structures are given. Furthermore, in all the cases discussed here,
the noncommutativity is measured by naturally introduced fields, each corresponding
to a minimal coupling.
This approach allows to not only construct directly a dynamical system when of
course the symmetry group is known but also permits to eliminate the non minimal
couplings in that system. Hence, we show also that the planar noncommutative phase
spaces arise naturally by introducing minimal coupling. We introduce here new kinds
of couplings. A coupling of position with a dual potential and a mixing model (that is
minimal coupling of the momentum with a magnetic potential and of position with a
dual potential).
Finally we show that this group theoretical discussion can be recovered by a linear
deformation of the Poisson bracket. The reason why linear deformation of Poisson
bracket is required here is that the noncommutative parameters (which are fields) are
constant (they are coming from central and noncentral abelian extensions of kinematical
groups).
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INTRODUCTION
0.1 Introduction
This thesis takes place within the framework of the titled domain noncommutative ge-
ometry. Noncommutativity appeared in nonrelativistic mechanics first in the work of
Peierls [1] on the diamagnetism of conduction electrons. In relativistic quantum me-
chanics, the suggestions to use noncommutative coordinates goes back to Heisenberg
and was firstly formalized in 1947 by Snyder [2] at small length scales. Some time later,
Von Neumann [3] introduced the term noncommutative geometry to refer in general to
a geometry in which an algebra of functions is replaced by a more general associative
algebra called noncommutative algebra. For him, operator algebra theory was a non-
commutative outgrowth of measure theory. As in the quantization of classical phase
space, coordinates are replaced by generators of the algebra.
The correspondence between “spaces”and “commutative algebras”is familiar in Math-
ematics and in theoretical Physics. This correspondence allows an algebraic translation
of various geometrical concepts on spaces in appropriate algebras of functions on these
spaces. Replacing these commutative algebras by noncommutative algebras, i.e forget-
ting commutativity, leads then to noncommutative generalizations of geometries where
notions of “spaces of points ”are not involved.
Interest in Snyder’s idea was revived much later when Mathematicians, notably
Connes [4, 5] and Woronowicz [6], succeeded in generalizing the notion of differential
structure to noncommutative geometry. Such a noncommutative generalization was a
need in Physics for the formulation of quantum theory and the understanding of its re-
lations with classical Physics. Indeed, as the role of symplectic geometry and hence
symplectic structures has increased its importance in both Mathematics and Physics to
constitute nowadays an essential technique of describing and modeling natural phenom-
ena, then noncommutative symplectic structures offer a novel and promising framework
for the construction of physical theories. Particularly, noncommutative phase spaces
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provide mathematical backgrounds for the study of magnetic fields in Physics.
As applied to Physics, noncommutative geometry is understood mainly in two ap-
proaches. The first one is the spectral triple of A. Connes [7] with the Dirac operator
playing a central role in unifying, through the universal action principle, gravitation
with standard model of fundamental interactions. The second one is the quantum field
theory on noncommutative spaces [8] with Moyal product as main ingredient. Besides
these, a proposition by several authors [9, 10] corresponds to space coordinates that no
longer commute. This was implemented by an extension of the Poisson structure on
the cotangent space such that the brackets satisfy {xk, xl} 6= 0. Upon quantization, the
corresponding operators should then also be noncommutative.
One motivation for this work is to demonstrate that this extension of the Poisson
structure is achieved when we consider a Lie group G. Indeed, models associated
with a given symmetry group can be conveniently constructed using the coadjoint orbit
method also called Souriau’s method. His theorem says in fact that when a symme-
try group G acts transitively on a phase space, then the latter is a coadjoint orbit of G
equipped with its canonical symplectic form [11, 12, 13]. In other words, the classical
phase spaces of elementary systems correspond to coadjoint orbits of their symmetry
groups. Thus, by considering a Lie group G, the problem is to find a symplectic man-
ifold X whose symmetry group is G. Under some assumptions, this problem has a
regular solution according to the Souriau’s approach.
The first applications that Souriau presented in his book [11] concern both the
Poincaré and the Galilei groups for which coadjoint orbits represent elementary par-
ticles characterized by the invariants m (mass) and s (spin). Souriau himself goes one
step further as he considers massless particles with spin, m = 0, s 6= 0 identified as
relativistic and nonrelativistic spin respectively. Souriau’s ideas were later extended to
larger groups. Taking G = Poincare×H0 where H0 is an internal symmetry group
(e. g SU(2), SU(3), ...) yields relativistic particles with internal structure (for more de-
tails see [14, 15]).
The nonrelativistic kinematical groups admit nontrivial central extensions by one-
dimensional algebra in dimension d ≥ 3. But in the plane, they admit an exotic [16]
two-parameter central extension. The one-parameter central extension of the spatial
Galilei group has been considered by Souriau in his book [11], the two-parameter
central extension of the planar Galilei group was studied in [9, 16]. Furthermore, the
coadjoint orbit method has recently also been applied to smaller spacetime symmetry
groups. For example, in [17] a classical “photon ”model was constructed, based en-
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tirely on the Euclidean group E(3), a subgroup of both the Poincaré and the Galilei
groups. An other application of the Souriau’s method is found in [18] where the most
general dynamical systems on which the nonrelativistic conformal groups act transi-
tively as symmetries are constructed.
A related motivation comes from a curiosity about a general solution to the above
problem, that is, to find more general symplectic manifolds whose symmetry groups
are the planar kinematical groups. This takes place in a well known fact that if a free
particle is coupled with an external field, this reduces the symmetry group to a subgroup
(of the Galilei or Poincaré group) and conversely, this reduced symmetry is consistent
with the symmetry subgroup [11].
This thesis is devoted to realize classical dynamical systems associated with anisotropic
kinematical groups (kinematical groups without rotation parameters [19]) by use of the
reciprocal schema. Precisely, we start with a model with anisotropic kinematical sym-
metry and by applying Souriau’s method, we obtain models with additional terms (in
the symplectic 2-form) interpreted as fields. The latter are linked to the free particle so
as to preserve the anisotropic kinematical symmetries. More specifically, we study the
maximal coadjoint orbit (all invariants are nonvanishing) of the all planar anisotropic
kinematical groups (oscillating and expanding Newton-Hooke Lie groups, Galilei, Para-
Galilei, Carroll and Static Lie groups) according to the classification in [20].
Furthermore, equivalently to Souriau’s theorem, the dual G∗ of the Lie algebra G
of G has a natural Poisson structure whose symplectic leaves are the coadjoint or-
bits. Depending on the Lie group, these orbits may provide noncommutative phase
spaces. Note that on its general form, a noncommutative phase space allows for nonzero
commutator among the coordinates and among the momenta. Thus, by applying the
Souriau’s method, we construct and classify noncommutative phase spaces (which are
effectively generalized or modified symplectic structures) associated to the extended
kinematical groups. As already argued we consider the case where the symmetry groups
are the kinematical groups according to the classification in [20] and realize noncom-
mutative phase spaces on their maximal coadjoints orbits by using central extensions
of all anisotropic kinematical algebras (by relaxing the isotropy condition or dropping
the rotation generators [19]), the latter being the Lie algebras for the kinematical groups.
Note that for the one-parameter centrally extended kinematical algebras, the non-
trivial Lie bracket which contains the only central extension parameter m (i.e the mass
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of the system) is
[Ki, Pj ] = Mδij
which means that the generators of space translations as well as pure kinematical group
transformations commute. One can not then associate noncommutative phase spaces
to both planar kinematical groups and their one-fold centrally extended kinematical
groups. So, it is necessary to work with the two-fold central extensions of the kine-
matical algebras and of their corresponding Lie groups and it is then the absence of
the symmetry rotations (i.e anisotropy of the space) which guaranties the existence of
noncommutative phase space for planar anisotropic kinematical groups.
However, it is possible to associate a noncommutative phase space to absolute time
groups by considering their noncentral abelian extensions. Thus, we enlarge this the-
ory by considering also the noncentral abelian extensions of the absolute time kinemat-
ical algebras associated to the Lie groups classified in [21]. Explicitly, we show that
noncommutative symplectic structures can be generated in the framework of centrally
extended anisotropic kinematical algebras as well as in the framework of noncentrally
abelian extended isotropic kinematical algebras (rotations included).
Meanwhile, physical theories with noncommuting coordinates have become the fo-
cus of recent research (see, e.g.,[9, 10, 16, 22, 23],. . . ), the notion of noncommutativity
having different physical interpretations. For example, it is well known that in the
presence of an electromagnetic field, momenta do not commute. This has been real-
ized in this thesis for the first time as the maximal coadjoint orbits of the centrally and
noncentrally abelian extended planar Para-Galilei groups [24, 29].
Also, it has been proved that in the presence of the dual electromagnetic field the posi-
tions do not commute and the maximal coadjoint orbits of the extended planar Galilei
groups have been shown to be models of noncommutative phase spaces for this case
[29].
Also, we realize a phase space with noncommutative positions and momenta by
Souriau’s method on the anisotropic Newton-Hooke groups [25]. In [26], the authors
have found a similar symmetry in the so-called Hill problem (the latter is studied in
celestial mechanics), which is effectively an anisotropic harmonic oscillator in a mag-
netic field. This system has no rotational symmetry while translations and generalized
boosts still act as symmetries. The noncommutative version of the Hill problem has
been discussed in [27]. In this work, we study also the classical dynamical systems
associated with Aristotle group [28], a subgroup of the Galilei group to highlight the
fact that it is always possible to construct noncommutative phase spaces on noncentrally
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abelian extended Lie structures.
Furthermore, we classify the obtained nonrelativistic models which are noncom-
mutative phase spaces [29]. Through our constructions the coordinates of the phase
spaces do not commute due to the presence of naturally introduced fields giving rise to
minimal couplings. Thus, this group theoretical method allows not only a direct con-
struction of a dynamical system when of course the symmetry group is known but also
permits to eliminate the non minimal couplings in that system. Hence, to be complete
in this work, we show also that planar noncommutative phase spaces arise naturally by
introducing minimal couplings, each type of noncommutative phase space realized here
corresponding to a specific minimal coupling.
As the coadjoint orbit construction has not been carried through some of these planar
kinematical groups before, physical interpretations of new generators of those extended
structures are given by symplectic realization methods. Note also that noncommutative
phase spaces realized with noncentral abelian extensions of the kinematical groups are
algebraically more general than those constructed on their central extensions. It is also
shown in this work that the noncommutativity of momenta implies some modification of
the second Newton law [24, 30, 31]. We prove finally that the group theoretical discus-
sion above can be recovered by a linear deformation of Poisson brackets. One simple
reason why linear deformation is required here is that the fields which are responsible
to the noncommutativity are all constant (because coming from central or noncentral
abelian extensions).
In all these approaches, for simplicity in notation and for a clear physical interpre-
tation, we work in two-dimensional space (except for the anisotropic Newton-Hooke
groups case where we consider also the three-dimensional space to highlight the way of
finding the invariant) although the extension to higher dimensions is straightforward.
This thesis is organized in the following way.
Chapter 1 is devoted to the construction of central extensions of planar anisotropic
kinematical groups and noncentral abelian extensions of planar absolute time groups
according to the classification in [20] and [21] respectively. We consider the (maxi-
mal) central extensions of kinematical algebras which exponentiate to the correspond-
ing kinematical groups and then appear to have a clear physical interpretation. In the
application to the nonrelativistic particles, the central extensions of planar anisotropic
kinematical groups considered here all have a common property. They have two central
extension generators, one of them is related to the particle’s mass (m) and an other can
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be related to the particle’s spin (s) [32, 33, 34, 35]. Note that the noncentral abelian
extensions of absolute time planar kinematical groups have a different number of ex-
tension parameters.
In Chapter 2, we construct noncommutative phase spaces by introducing minimal
couplings. We start by the usual coupling of momentum with a magnetic potential.
Then, we introduce a new kind of coupling. That of position with a dual potential and
we finish by a mixing model. In other words, we study the planar mechanics in the fol-
lowing three situations: when a charged massive particle is in an electromagnetic field,
when a massless spring is in a dual magnetic field and finally when a pendulum is in an
electromagnetic field and in its dual counterpart. It is shown in this Chapter that under
the presence of these fields, the charged massive particle acquires an oscillation state
of motion with a certain frequency, the massless spring acquires a mass and that the
pendulum looks like two synchronized oscillators. The second and third results above
are quite new and expressed the formula of minimal couplings in symplectic terms as
done by Souriau for the first time [11]. Furthermore, as it will be shown in the next
Chapter, each kind of minimal coupling is realized by coadjoint orbit method on a spe-
cific kinematical group.
The aim of Chapter 3 is to construct and classify noncommutative phase spaces by
coadjoint orbit method in the framework of centrally and noncentrally abelian extended
Lie groups we have encountered so far. We study, first of all, the maximal coadjoint or-
bits of the Aristotle group. We obtain in this case, phase spaces equipped with modified
symplectic structures by using a noncentrally abelian extended Aristotle group. This
example proves that one can always obtain a noncommutative phase space on the non-
centrally abelian extended Lie group by the coadjoint orbit method. We do a similar
construction on the nonrelativistic anisotropic kinematical groups (i.e Newton-Hooke
groups, Galilei, Para-Galilei groups, Static and Carroll groups). The obtained orbits are
physically interpreted as the phase spaces of accelerated particles moving in the respec-
tive kinematical spacetimes. Finally, we construct maximal coadjoint orbits on non-
centrally abelian extended absolute time kinematical groups as classified in [21]. The
noncommutative phase spaces obtained in this case are algebraically general than those
obtained in the anisotropic kinematical case.
Through all these constructions, the coordinates of the phase spaces do not commute
due to the presence of naturally introduced fields giving rise to minimal couplings de-
fined in the previous Chapter. The main result here is that the extended Galilei groups
give rise to phase spaces with noncommuting position coordinates, the extended Para-
Galilei groups and noncentrally abelian extended Aristotle group yield noncommuting
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momenta, and the remaining groups all determine completely noncommutative phase
spaces. By symplectic realization methods, physical interpretations of generators com-
ing from the obtained extended structures are given.
In Chapter 4, we show that the group theoretical construction above leads to sim-
ilar results as in the case of a linear deformation of Poisson brackets. Under some
assumptions, it is shown that the linear deformation of the Poisson bracket gives rise
to the same classification of planar noncommutative phase spaces as by the Souriau
method. Linear deformation is required here because the noncommutative parameters
(fields) introduced in the previous Chapter are all constant (they come from centrally
or noncentrally abelian extended structures). Thus, to establish a relationship between
the group theoretical construction used previously and the deformation of the Poisson
bracket developed in this Chapter, the latter may be a linear one.
Finally, we conclude and briefly list directions for future research.
CHAPTER ONE
PLANAR KINEMATICAL
GROUPS, THEIR CENTRAL AND
NONCENTRAL EXTENSIONS
Lie groups are frequently introduced in Physics as groups of transformations acting on
manifolds. In this Chapter we revisit all possible kinematical groups and their corre-
sponding Lie algebras according to the classification in [20]. The former are assumed
to be simply connected to single out a Lie group for the given Lie algebra. We then ex-
tract those for which rotation generators can be dropped producing anisotropic kinemat-
ical algebras (and groups) [19]. Recall that kinematical algebras are Lie algebras that
are generated by spatial displacements, time translations, rotations and inertial transfor-
mations.
Since the structure of (2 + 1)-dimensional kinematical groups is significantly dif-
ferent from that of the (3 + 1)-dimensional ones [33], then it is interesting to study the
problem of finding central extensions of the planar anisotropic kinematical groups and
noncentral abelian extensions of planar absolute time kinematical groups according to
the classifications in [20] and in [21] respectively.
The aim of this Chapter is to solve the above problem: we compute central (and non-
central) extensions of the planar anisotropic kinematical algebras (and the absolute time
kinematical algebras) and their corresponding Lie groups with the assumption that an
abelian extension (central or noncentral) of a Lie algebra should integrates to an abelian
extension (central or noncentral) of its corresponding Lie group [36].
In other words, we restrict our attention to the central and noncentral abelian exten-
sions of Lie algebras which exponentiate to the corresponding Lie groups, i.e through
this thesis, we disregard extensions which correspond to introducing a central generator
that measures the noncommutativity between J and H (we will consider [J,H ] = 0
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i.e rotation invariance). In the nonrelativistic anisotropic case, the central charges that
have denoted M and S, related respectively to the particle’s mass (m) and spin (s)
[32, 33, 34, 35], survive the exponentiation to the corresponding groups. Physically, S
is interpreted as the intrinsic angular momentum operator representing rotation in the
rest-frame.
This Chapter is organized as follows.
In the next section, we review the Bacry and Levy-Leblond approach of classifying
kinematical algebras and groups [20] and extract the anisotropic kinematical ones (with-
out rotations). In sections two and three, we determine central extensions of anisotropic
kinematical algebras and noncentral abelian extensions of absolute time kinematical
algebras (rotations included) respectively using dimensional analysis. Some of these
extensions have not appeared previously in the litterature.
1.1 Possible kinematical groups
Consider a manifold M on which a transformation group G acts transitively (this action
is usually the left one) meaning that M is a G-homogeneous space. When M describes
spacetime, G is the kinematical group of M . All d-dimensional spacetimes with a con-
stant curvature have a kinematical group of dimension 1
2
d(d+ 1) [37].
Here, spacetime denotes a mathematical model that, of a physical dynamic sys-
tem, unifies space and time into a manifold of four-dimensions. Note that tradition-
ally in physics, spacetimes are described by (pseudo-) Riemann spaces, i.e: by smooth
manifolds and with a tensor metric gij(x) and are of the form T × Σ where the one-
dimensional space T is the universally defined time line (admitting the preferred co-
ordinate t and its one-form dt) while the manifold Σ is with possibly punctures and a
bounded (this last assumption is identically satisfied for the spacetimes we examine).
Furthermore, in general relativity, it is assumed that spacetime is curved by the pres-
ence of matter (energy), this curvature being represented by the Riemann tensor and in
nonrelativistic classical mechanics, the use of Euclidean space instead of spacetime is
appropriate as the time is treated as universal and constant, being independent of the
state of motion of the observer.
It is well known that there are different kinds of kinematics on homogeneous (3+1)-
dimensional spacetimes [20] and all of them can be contracted from Minkowski, de
Sitter and Anti-de Sitter spacetimes under group contraction [38] respectively. The
complete kinematical group, whatever it may be, will always have a subgroup account-
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ing for the isotropy of space (rotation group) and the equivalence of inertial transfor-
mations (boosts of different kinds for each case). The remaining transformations are
translations which may be either commutative or not and are responsible of homogene-
ity of space and time. Roughly speaking, the point-set of the corresponding spacetime
is, in each case, the point-set of these translations. This holds for usual special rela-
tivistic kinematics but also for Galilean and other conceivable nonrelativistic kinemat-
ics [20], which differ from each other precisely by being grounded on different kine-
matical groups (depending on the different laws of composition of the transformations
groups). The best known examples are the Poincaré group P , a group naturally asso-
ciated to Minkowski spacetime as its group of motion and the Galilei group G which
represents the classical mechanics.
Therefore, kinematical spacetime is defined as the quotient space of the whole kine-
matical group by the subgroup including rotations and boosts. This means that local
spacetime is always a homogeneous manifold. We shall thus be concerned with such
very special kinds of spacetimes: the homogeneous spacetimes of groups which can be
called kinematical.
More specifically, let G denotes the kinematical group and G its Lie algebra. We
choose a basis for G in which the infinitesimal generators of rotation, those of boosts
and spatial translations along the spatial directions and that of time translation are de-
noted respectively as Ja, Ki, Pi, H, a = 1, 2, . . . , (d−2)(d−1)2 , i = 1, 2, . . . , d− 1.
Before we proceed, we point the reader’s attention to the choice of the above quan-
tities and at the same time recall their physical significances. First of all, note that if a
general element of a one-parameter Lie group generated by X takes the form exp(xX)
then this means that xX must be dimensionless and then that the physical dimension of
the parameter x must be the inverse of that of X . For that reason, the parameters xi, vi
and t (that will be used later in this work) associated respectively to Pi (i.e the gener-
ators of spatial translations in the ith spatial direction), Ki (i.e generators of boosts in
the ith spatial direction) and H (i.e generator of time translation) have dimension of a
length, a velocity and a duration. Their duals (in the dual Lie algebra) are respectively
linear momenta pi, static momenta ki and energy E.
Thus, if L and T denote respectively the dimension of a length and of a duration,
then the physical dimensions of Pi, H and Ki are L−1, T−1 and L−1T respectively. It
is also known that the generators Ja of rotations are dimensionless. Physically, Ja cor-
respond to the angular momenta and as said early H corresponds to the Hamiltonian, Pi
correspond to the components of linear momenta and Ki correspond to the components
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of the static momenta.
Furthermore, the relations between these physical quantities Pi, Ki and H depend
on the structure of the Lie algebras and can be determined by symplectic realization
methods of the corresponding Lie groups [39]. The variables pi and ki yield the basic
canonical variables on the phase space via the the coadjoint orbit method as it will be
seen later in this thesis.
At this level, let us summarize the results obtained by Bacry and Lévy-Leblond
concerning the possible structures of groups of transformations which relate two inertial
systems under quite general physical hypotheses.
1.1.1 Bacry and Lévy-Leblond approach
In [20], Bacry and Lévy-Leblond have classified the possible ten-parameters kinemat-
ical groups consisting of the spacetime translations, spatial rotations and inertial trans-
formations connecting different inertial frames of reference. Bacry and Lévy-Leblond
have shown, under the assumption:
• the space must be isotropic, meaning that the rotation group SO(d− 1) generated
by Ja , a = 1, 2, . . . , (d−2)(d−1)2 , is a subgroup of the kinematical group,
• the spacetime must be homogeneous, meaning that the space translations group
generated by Pi, i = 1, 2, . . . , d− 1 and the time translations group generated by
H , are subgroups of the kinematical group,
• the inertial transformations group generated by Ki, i = 1, 2, . . . , d − 1 is a non-
compact subgroup of the kinematical group,
• the parity (π : H → H,Pi → −Pi, Ki → −Ki, Ja → Ja) and the time-reversal
(θ : H → −H,Pi → Pi, Ki → −Ki, Ja → Ja) are automorphisms of the
kinematical group,
that there are eleven kinematical groups.
The corresponding kinematical algebras are characterized by the fact that the inertial
transformation generators and the space translation generators behave as vectors under
rotations while the time translation generator behaves as a scalar:
[Jj , Jk] = Jlǫ
l
jk, [Jj , Kk] = Klǫ
l
jk, [Jj, Pk] = Plǫ
l
jk, [Jj, H ] = 0 (1.1)
In the above relation, ǫljk are the three-dimensional totally antisymmetric Levi-Civita
symbols and summation convention for a repeated index up and down is implied (Ein-
stein convention).
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As each Lie bracket [Ki, H ], [Ki, Pj] and [Pi, H ] is invariant under the parity and
the time-reversal automorphisms as well as their product (Γ = πθ : H → −H,Pi →
−Pi, Ki → Ki, Ja → Ja), we also have that:
[Kj, Kk] = µJlǫ
l
jk, [Kj , Pk] = γδjkH, [Kj, H ] = λPj (1.2)
where the physical dimension of the parameters µ and γ is L−2T 2 while the parameter
λ is dimensionless and finally,
[Pj, Pk] = αJlǫ
l
jk, [Pj, H ] = βKj (1.3)
where the physical dimension of the parameter α is L−2 while that of the parameter β
is T−2. Only three of the five parameters α, β, λ, µ, γ are independent. Effectively the
Jacobi identities
[Ki, [Pj, Pk]] + [Pj , [Pk, Ki]] + [Pk, [Ki, Pj]] = 0
and
[Ki, [Kj, Pk]] + [Kj, [Pk, Ki]] + [Pk, [Ki, Kj]] = 0
imply that
α = βγ , µ = −λγ
If we compute the adjoint representation of the generators Ki, we verify that the non
compactness of the boost transformations implies that µ ≤ 0, meaning that λ and γ are
all positive or all negative when one of them is not equal to zero. The brackets (1.2)
and (1.3) become
[Kj, Kk] = −λγJlǫ
l
jk, [Kj , Pk] = γδjkH, [Kj , H ] = λPj
and
[Pj, Pk] = βγJlǫ
l
jk, [Pj, H ] = βKj (1.4)
We remain with three parameters β, γ and λ constrained by the fact that λ and γ are
of the same sign when they are all different from zero. If each generator is multiplied
by −1, the three parameters change sign. As λ is dimensionless, we can assume (after
normalization ) that λ = 1 or λ = 0 and then that γ ≥ 0.
Let κ denotes the inverse of the universe radius r and let ω denotes the time cur-
vature (frequency). Then, for each of the two values of λ, γ = 1
c2
or γ = 0 where
c = ω
κ
is a velocity. Also for each of the two values of γ, there are three Lie algebras
corresponding to β = ±ω2 and β = 0.
Explicitly, we have:
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A) the kinematical algebras corresponding to λ = 1 and defined by the brackets (1.1),
(1.4) and
[Kj , Kk] = −γJlǫ
l
jk, [Kj , Pk] = γδjkH, [Kj , H ] = Pj (1.5)
A1) Case γ = 1
c2
In this case the Lie algebra is defined by (1.1) and
[Kj, Kk] = −
1
c2
Jlǫ
l
jk, [Kj , Pk] =
1
c2
δjkH, [Kj , H ] = Pj (1.6)
and
A11) Case β = ω2 (the de Sitter algebra dS+)
[Pj , Pk] = κ
2Jlǫ
l
jk, [Pj , H ] = ω
2Kj (1.7)
A12) Case β = 0 (the de Poincaré algebra P)
[Pj , Pk] = 0, [Pj, H ] = 0 (1.8)
A13) Case β = −ω2 (the anti-de Sitter algebra dS−)
[Pj, Pk] = −κ
2Jlǫ
l
jk, [Pj , H ] = −ω
2Kj (1.9)
A2) Case γ = 0
In this case the Lie algebra is defined by (1.1) and
[Kj , Kk] = 0, [Kj, Pk] = 0, [Kj , H ] = Pj (1.10)
and
A21) Case β = ω2 (the expanding Newton-Hooke algebra NH+)
[Pj , Pk] = 0, [Pj , H ] = ω
2Kj (1.11)
A22) Case β = 0 (the Galilei algebra G)
[Pj , Pk] = 0, [Pj, H ] = 0 (1.12)
A23) Case β = −ω2 (the oscillating Newton-Hooke algebra NH−)
[Pj , Pk] = 0, [Pj, H ] = −ω
2Kj (1.13)
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B) the kinematical algebras corresponding to λ = 0 and defined by the brackets (1.1),
(1.4) and
[Kj , Kk] = 0, [Kj, Pk] = γδjkH, [Kj, H ] = 0 (1.14)
B1) Case γ = 1
c2
In this case the Lie algebra is defined by (1.1),
[Kj , Kk] = 0, [Kj , Pk] =
1
c2
δjkH, [Kj, H ] = 0 (1.15)
and
B11) Case β = ω2 (the Para-Poincaré algebra P+)
[Pj , Pk] = κ
2Jlǫ
l
jk, [Pj , H ] = ω
2Kj (1.16)
B12) Case β = 0 (the Carroll algebra C)
[Pj , Pk] = 0, [Pj, H ] = 0 (1.17)
B13) Case β = −ω2 (the Para-Poincaré algebra P−)
[Pj, Pk] = −κ
2Jlǫ
l
jk, [Pj , H ] = −ω
2Kj (1.18)
B2) Case γ = 0
In this case we can assume that β ≥ 0, the Lie algebra is then defined by (1.1),
[Kj , Kk] = 0, [Kj , Pk] = 0, [Kj, H ] = 0 (1.19)
B21) Case β = ω2 (the Para-Galilei algebra G+)
[Pj , Pk] = 0, [Pj , H ] = ω
2Kj (1.20)
B22) Case β = 0 (the Static algebra St)
[Pj , Pk] = 0, [Pj, H ] = 0 (1.21)
The possible planar kinematical algebras are then defined by the brackets (1.1) reduced
to:
[J,Kk] = Klǫ
l
k, [J, Pk] = Plǫ
l
k, [J,H ] = 0 (1.22)
and to summarize the above discussion, we distinguish the case where boosts do not
commute with time translation (i.e [Ki, H ] = Pi) from the case where they commute
(i.e [Ki, H ] = 0) as detailed below:
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Boosts not commuting with time translations
This case corresponds to λ = 1. The planar kinematical algebras are then defined by the
brackets (1.22), (1.4) and (1.5). According to the values of γ and β as detailed above,
the possible planar kinematical algebras of this form are summarized in the following
table where dS+, P, dS−, NH+, G, NH− stand respectively for the de Sitter, Poincaré,
the anti de Sitter, the expanding Newton-Hooke, the Galilei and the oscillating Newton-
Hooke Lie algebras and where we have omitted the brackets of the form [J,Xi] = Xjǫji
and [J,H ] = 0.
γ = 1
c2
[Kj ,Kk] = −
1
c2
Jlǫ
l
jk, [Kj , Pk] =
1
c2
δjkH, [Kj ,H] = Pj
dS+ β = ω
2 [Pj , Pk] = κ
2Jlǫ
l
jk, [Pj ,H] = ω
2Kj
P β = 0 [Pj , Pk] = 0, [Pj ,H] = 0
dS− β = −ω
2 [Pj , Pk] = −κ
2Jlǫ
l
jk, [Pj ,H] = −ω
2Kj
γ = 0 [Kj,Kk] = 0,[Kj , Pk] = 0,[Kj ,H] = Pj
NH+ β = ω
2 [Pj , Pk] = 0, [Pj ,H] = ω
2Kj
G β = 0 [Pj , Pk] = 0, [Pj ,H] = 0
NH− β = −ω
2 [Pj , Pk] = 0, [Pj ,H] = −ω
2Kj
Table 1.1: Kinematical algebras with [Ki,H] = Pi
Boosts commuting with time translations
This case corresponds to λ = 0. The planar kinematical algebras are then defined by the
brackets (1.22), (1.4) and (1.14). In this case, according to the values of γ and β, we ob-
tain the kinematical algebras summarized in the table below where P′+, P′−, C, G′+, G′−
and S stand respectively for the Para-Poincaré, the anti Para-Poincaré, the Carroll, the
Para-Galilei, the Anti-Para-Galilei and the Static Lie algebras and where we have omit-
ted the brackets of the form [J,Xi] = Xjǫji and [J,H ] = 0.
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γ = 1
c2
[Kj ,Kk] = 0, [Kj , Pk] =
1
c2
δjkH, [Kj ,H] = 0
P′+ β = ω
2 [Pj , Pk] = κ
2Jlǫ
l
jk, [Pj ,H] = ω
2Kj
C β = 0 [Pj , Pk] = 0, [Pj ,H] = 0
P ′− β = −ω
2 [Pj , Pk] = −κ
2Jlǫ
l
jk, [Pj ,H] = −ω
2Kj
γ = 0 [Kj ,Kk] = 0 , [Kj , Pk] = 0, [Kj ,H] = 0
G′+ β = ω
2 [Pj , Pk] = 0, [Pj ,H] = ω
2Kj
S β = 0 [Pj , Pk] = 0, [Pj ,H] = 0
G′− β = −ω
2 [Pj , Pk] = 0, [Pj ,H] = −ω
2Kj
Table 1.2: Kinematical algebras with [Ki,H] = 0
Thus, under a natural assumption on the decomposition of the adjoint action into irre-
ducible (corresponding to isotropy of the space and homogeneity of the spacetime) and
requiring that time and space reversals are automorphisms, there are exactly 11 kine-
matical algebras [20].
In the discussion above, according to the link between the three parameters β, γ and
λ, we have obtained an other Lie algebra: the Anti-Para-Galilei Lie algebra denoted
G′
−
. This is consistent with the contraction process. In fact, as the Para-Galilei algebra
G′+ is a velocity-space contraction of the Para-Poincaré algebra P′+ or a velocity-time
contraction of the Newton-Hooke group NH+ [38], by the same process, the anti Para-
Galilei algebra G′
−
is a velocity-space contraction of the anti-Para-Poincaré algebra P′
−
or a velocity-time contraction of the Newton-Hooke group NH−, the latter correspond
to the value β = −ω2.
In conclusion, the Lie brackets for the possible planar kinematical algebras accord-
ing to the classification in [20] are summarized in the following table where the brackets
of the form [J,Xi] = Xjǫji and [J,H ] = 0 are omitted and where we have also consid-
ered the Anti-Para-Galilei Lie algebra G′
−
.
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Lie algebra [Ki,H] [Ki,Kj ] [Ki, Pj ] [Pi, Pj ] [Pi,H]
dS+ Pi −
1
c2
Jkǫ
k
ij
1
c2
Hδij κ
2Jkǫ
k
ij ω
2Ki
P Pi −
1
c2
Jkǫ
k
ij
1
c2
Hδij 0 0
dS− Pi −
1
c2
Jkǫ
k
ij
1
c2
Hδij −κ
2Jkǫ
k
ij −ω
2Ki
NH+ Pi 0 0 0 ω
2Ki
G Pi 0 0 0 0
NH− Pi 0 0 0 −ω
2Ki
P′+ 0 0
1
c2
Hδij κ
2Jkǫ
k
ij ω
2Ki
C 0 0 1
c2
Hδij 0 0
P′− 0 0
1
c2
Hδij −κ
2Jkǫ
k
ij −ω
2Ki
G′+ 0 0 0 0 ω
2Ki
G′− 0 0 0 0 −ω
2Ki
S 0 0 0 0 0
Table 1.3: Lie brackets for the possible kinematical algebras
Furthermore, through the classification in [20], to each kinematical algebra is associated
a corresponding Lie group. Each of these associated groups is either the de Sitter or the
anti-de Sitter or one of their contractions. Recall that there are three fundamental types
of contraction: velocity-space, velocity-time and space-time contraction corresponding
respectively to contracting to the subgroup generated by H, P and K.
Geometrically, the velocity-space contraction (i.e making the substitution K →
ǫK, P → ǫP into the Lie algebra and calculating the singular limit of the Lie brackets
as ǫ → 0) means to describe spacetime near a timelike geodesic equivalent to passing
from relativistic to absolute time as stated in [21]. So, dS+ and dS− contract to NH±
respectively, Poincaré group P contracts to Galilei group G, Para-Poincaré groups P ′
±
contract to Para-Galilei groups G′
±
and Carroll group C contracts to Static group S
through a velocity-space contraction. In other words, the former are relativistic while
the latter are absolute time groups.
Similarly, the velocity-time contraction (i.e making the substitutionK → ǫK, H →
ǫH into the Lie algebra and calculating the singular limit of the Lie brackets as ǫ→ 0)
geometrically means to describe spacetime near a spacelike geodesic equivalent to pass-
ing from relativistic to absolute space. So, dS+ and dS− contract to P ′± respectively,
NH± contract to G′±, Poincaré groups P contract to Carroll C and the Galilei group
G contracts to Static group S through a velocity-time contraction. In other words, the
former are relativistic while the latter are absolute space groups.
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Finally, the space-time contraction (i.e making the substitution P → ǫP, H → ǫH
into the Lie algebra and calculating the singular limit of the Lie brackets as ǫ→ 0) geo-
metrically means to describe spacetime near an event (physically the spacelike and the
timelike intervals are small but the boosts are not restricted). The corresponding group
is called local group as opposed to a cosmological group. So, dS+ and dS− contract to
Poincaré group P , NH± contract to Galilei group G, Para-Galilei groups G′± contracts
to Static group S and Para-Poincaré groups P ′
±
contract to Carroll group C through a
space-time contraction. In other words, the former are cosmological groups while the
latter are local groups.
The kinematical groups are then distributed according to the table below:
Relative time groups de Sitter, Poincaré, Para-Poincaré, Carroll
Absolute time groups Newton-Hooke, Galilei, Para-Galilei, Static
Relative space groups de Sitter, Newton-Hooke, Poincaré, Galilei
Absolute space groups Para-Poincaré, Para-Galilei, Carroll, Static
Cosmological groups de Sitter, Newton-Hooke, Para-Poincaré, Para-Galilei
Local groups Poincaré, Galilei, Carroll, Static
Table 1.4: Kinematical groups classification according [21]
1.1.2 Planar anisotropic kinematical algebras
Let us consider the planar kinematical algebras of the table (1.3). Their correspond-
ing planar anisotropic Lie algebras are obtained by dropping the generators Ji of ro-
tations, meaning that they are generated by {Ki, Pi, H}. This is only possible for the
two Newton-Hooke Lie algebras, the Galilei and the Para-Galilei Lie algebras, the
Carroll Lie algebra and the Static Lie algebra where the rotation generators do not ap-
pear in the right hand side of the brackets [Ki, Kj] and [Pi, Pj]. The planar anisotropic
kinematical algebras are summarized in the following table (for i, j = 1, 2):
Lie algebra [Ki,H] [Ki,Kj ] [Ki, Pj ] [Pi, Pj ] [Pi,H]
NH+ Pi 0 0 0 ω
2Ki
G Pi 0 0 0 0
NH− Pi 0 0 0 −ω
2Ki
C 0 0 1
c2
Hδij 0 0
G′± 0 0 0 0 ±ω
2Ki
S 0 0 0 0 0
Table 1.5: Lie brackets for the planar anisotropic kinematical algebras
